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Regular thermal regime is examined for a multi-layer medium with perfect and imperfect contact. Pos-
sible experimental methods of investigating such a system are determined.

Let us suppose that appreciable variation of thermal conductivity occurs in a certain medium. Then it is rational
to treat the medium as if it were composed of many layers with a constant thermal diffusivity aj = A\j/pjci. The conduc-
tion equations for each layer may be written in the form

o P Autd
Ay =C;p; . &)
Ox® ot
where the temperature u(i)(x, t) depends on time t and the coordinate. X.
Assumne that the layers are differentiated by the x values
X=Xy X=Xp, .0y X=X, (Xg < X1 < oo <C ).
We also have the boundary conditions and conditions defining perfect contact:
ut) (x,, t) = A = const,
u® (x;, 1) = uth (x,, 1),
: (2)
J . d
by ——u® (x;, 8) = hypy ——ulHY (x;, 1),
ox Ox
i = 1,2, ey 11— 1,
um (x,, t) = B=const,
and the initial conditions
1o (x, 0) = 3 (x). ®)

We shall seek a solution using the Doetsch integral transform [1], where the kernels satisfy the following equation [2]:

WK (1) + wie0, K] () =0, (4
with boundary conditions .
Kg'l) (x) =0, K} (%) = K}H-l) (%),
MK (1) = K 0, i =12, 0, n—1, K (5)=0.

()

Solutions of (4) will be

P (x) = MP sinpx; (x,— ) + Nf? cos pye; (x, — ),

where the constants M(ji), N(jl) are determined from (5) and »j = 1/a{.

The determinant of this system, equated to zero, gives the characteristic equation, which is a transcendental
equation for determining the eigenvalues u?. One of the coefficients M(1), N(jl) can be so chosen that the functions
Kj(x) = K(jl)(x) for Xj.4 <X <Xj are normalized. !

We must verify that functions Kj(x) will be orthogonal with weight c(x)p(x) = cjp; when Xi.; <X <xjon[xg xpl
Applying the integral transform to equations (1), we obtain in the region in question

u; () + piu; () =F,,

where Fi=1 AKSY (1) — X, BKS (x,), (6)
()= [ c(x)p(0)K; () ulx, s,

u(x, HH=ud (x, 1) for. x,—1 < x x;.
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The initial condition (3) in the mapping region gives
‘ u;(0) = b;. ("
The solution of (6) in conjunction with conditions (7) gives

w; () = [4;— Fifpflexp[— oit] + Fifu.

The solution of the problem set out in (1)-(3) is given by the series in orthogonal transformation kernels

u® (x, )= Yu; (DK (x) =

7=0
it — F. . _w F; i
= Y| 5 e wakP @+ X K . @
j=0 ¥ pargly’

In this solution we shall confine ourselves to the first term in the sum, which contains the exponential function corre-
sponding to the regular regime. :

Let [§; — Fy/uil Ki” (x)] < C.

Writing the solution u(x, t) in the form

wd (x, )= ["q}o—— Fg ]exp[—— w1 K8 () +

o

+ W Ik )+ R ),
Pl

we evaluate the remainder of the series R(%, 1), We have

RY (5, 9]« C Ylexp[— il

j=1
The time of onset of the regular regime can be established by the method proposed in [3]}. If, for example, u? = 7,
where j=1, 2,..., then ]R(l)(x, t)] < e, when
t > = C¥4ed,
The rate of heating m = p will be a constant for the whole medium, and may be determined experimentally by the
method set out in [4].
It is of some interest to develop a regular regime theory for multi-layer media with imperfect contact.

Let us examine the problem for two layers. Then the thermal conduction equations for the two layers will take

the form
32utd) utd .
a. =3 ()

uth =y (x, ), [N =FU(x, £) for x < x<<;
U@ =y (x, f), O =f®(x ) for LLx <Ky 0Kt < o0

Functions 1) give the heat source distribution to within a constant multiplier.

At the outer boundaries let there be free heat transfer with a region of variable temperature (boundary conditions
of the third kind)

ay ——ulh (3, ) + 5wV (1, ) = (), (10)
ox
a 9 2) —
ag U (x5, 1)+ Bau® (X, 1) = @3 (1), (11)
0x
and at the interface let there be incomplete contact
.812 u(l) (C: t) —{" 922 U.(Q) ((:’ t) = (Plz (t)v (12)
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s _,a_u(l}(t’ B+ azz—q— u®(C, 1) = @a(f).
Ox ox

The initial conditions may be taken arbitrarily:
wh (x, 0) = 40 (x),
u (x, 0) = 4@ (x).

We shall seek a solution in the form of a series in eigenfunctions of the following problem [5]:

K ) + LK (0 =0,

@o9820

— L KP" (9 + pILKP (1) = 0,

%19812
where
1
Ly= ——l*‘ y Ly=

99820 Gy a1afia as :

with boundary conditions as follows:
o KJ7 (1) + B K (1) =0,
B K37 () + B K17 () = 0,
ae K{ (0) + 0 KV () = 0,
a5 Kf () + B KPP (x) = 0.
The solution of (16) and (17) with béundary conditions (18) will be
K" (x) = AP sin ppy (¢~ x) + B} cos pyua (L — %),
K (x) = AP sinppty (x5 — x) + B cos pyea (¥, — %),
where xi = goBoglys X5 = 04581919, and the constants A(ji), B(].i) satisfy the system:
AP 181 S — op O o+ B (LG + sy ST = 0,
B Bra ot A% S + BB G = 0,
A(j!) dpathjry + Aﬂg’ 5‘229;%2 05'2) - B,("Q)am!"sz S(i?) ’-"-‘O,
AP azpry— B B = 0,
where SP:QHWH@—QLS?zﬂmmA%—Q,

C}) = cospjuy (C —x1), Cf? = cospyts (xp —0).

(13)

(14)
(15)

(16)

amn

(18)

(19)

(20)

For (19) to be nontrivial, it is necessary that the determinant of (17) equal zero, A(u%) = 0. Hence the eigenval-

ues of problem (16)-(18) may be determined.

It is easy to verify that the functions
K, ()= {K(’”(x) for 1< x <,
i = 3.

KP(x) for L<x<x

are orthogonal with weight L; on [x, %3]

One of the coefficients A(ji), B(ji) is arbitrary, and it may be chosen so as to normalize the system of functions

KJ'(X).
Then the function
u (x, t) for x < x<g,

u(x, t) =
{u‘2> (x,8) for L<x<X
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can be expanded in a series in functions Kj(x):
w
uxr, )= ¥ 4 (OK; (x), (21)
j=0:
where the summation extends over all j, for which eigenvalues p? are different, and
g Xa
u(ly =1L, f KW () u) (x, f)dx + Ly § K? (x) u® (x, 1) dx. (22)
Xy -

Transformation (22) is called a Doetsch transform [1]
The corresponding inversion formula is given by series (21), Rewriting equations (9) in the form:

1 % .y oud

t L f(l)’
O9ofps O ' ot .
24(2) (2
T
2By 0X° ot

and transferring them to the mapping region, we have

w (1) +piu () = F; (0),
where 1

Filt) = —— KV (0 o () + ——— K (0 91 () -

281820 919312822

+ L KD gnl) + K () g ()T, O

19099302 ayatzfs
In the mapping region initial conditions (14), (15) take the form
u; (0) = §;.
Then, in the mapping region, the solution of our problem takes the form

B t
wi(t) = F,- + | Fi9) exp[p,‘-fr]er expl—ujf] - (23)
0

The final solution is given in the form of series (21). We shall examine the question of the regular regime. Let

functions @y(t), @ya(t), @as(t), @5(t), f(i)(x, t) increase no faster than M exp(—nt), where M > 0 and 0 < 7 < u? are cer-

tain constants [33.

We shall determine the transform of solution of (23). We have
t

G O1< 1T expl— 1+ | IFy () lexplsfld=expl— w7,
0

or
— M,

i ()| € —5——— exp[—t],

|%; p? - p

where My is a deliberately chosen constant.

Let the transformation kernels be uniformly bounded
|K; (0] < K.

We write solution (21) in the form

i
0 i

uie, )= Y (O K;(x) = Uy () Ky (1) + R (x, ).

j=9

The time to reach the regular thermal regime will depend on the remainder of the series R(x, t).
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But

R(x, )1 < MK lexpl- bt + —~2~—1———exp{—~nt1J

By =

s

or
1 yemk

Wi

IR(x, ) <N Eexp [— w2l + Nexp [— 1] 2

jo j=l1

N & .
Let ;1";. = {[3, 6], Then the series 2 (p.;l — )1 converges. Denoting its sum by oy, we obtain

i=1

R(x, )] < NZexp[—Ptl + Noyexp[—mtl.

=1

But
Yespi—pr< | exp[—JBZtldB:i'l /=
j=1 ¢ ’ b
whence |
lR(X, t)l < €,
as soon as
2
> max [ Ly 2Ne (24)
U 4e? i) z J
if 92.=n(j—a)2»0<a<i[7] ‘then | i—*—l-—*-=° < ®
iy ’ 2 7 Lk p2—y P
J==
and w> :
21/ L
eXx — Pril ’
; PL— ¥l V =
therefore '
IR(x, t)] <,
when '
t> max{ 4N , L ln-g-A—[E?—l. (25)
: me? ) e J

Thus, the time of onset of the regular regime has been determined.

It is clear from (24) and (25) that it is convenient to make 7 as large as possible. Therefore, if the eigenvalues
are renumbered so that p% < pf < p% ..., then n may be taken between the first two values ug <q< pf, bearing in mind
that M exp(—nt) must majorize the boundary functions and the source functions. If these functions tend to zero com-
paratively slowly, the time to reach the regular thermal regime also increases: the smaller 5, the greater t.
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